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Abstract In this paper, we first establish the existence theorems of the solution of hybrid
inclusion and disclusion systems, from which we study mixed types of systems of generalized
quasivariational inclusion and disclusion problems and systems of generalized vector quasi-
equilibrium problems. Some applications of existence theorems to feasible points for various
mathematical programs with variational constraints or equilibrium constraints, system of
vector saddle point and system of minimax theorem are also given.
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1 Introduction

Let X be a nonempty subset of a topological space (t.s., for short) and f : X x X — Rafunc-
tion with f(x, x) > Oforall x € X. Then the scalar equilibrium problem (EP, for short) [5] is
to find x € X such that f(x, y) > Oforall y € X. The equilibrium problem was extensively
investigated and generalized to the vector equilibrium problems for single-valued or multi-
valued maps and contains optimization problems, variational inequalities problems, saddle
point problems, the Nash equilibrium problems, fixed point problems, complementary prob-
lems, bilevel problems and semi-infinite problems as special cases and have some applications
in mathematical program with equilibrium constraint; for detail one can refer to [1,2,6,7,9—
21,23] and references therein.
In 1979, Rubinov [22] studied the following variational inclusions problem (R):

Given x € R", find y € R™ such that 0 € g(x, y) + Q(x, y), (R)
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where g : R" x R™ — RP is a single-valued function and Q : R" x R" — R” is a
multivalued map. It is known that model (R) covers variational inequalities problems and a
number of variational system to many applications. Since then various types of variational
inclusions problems have been extended and generalized by Adly [1], Ahmad et al. [2], Ding
[8] and Huang [10], etc. Recently, Mordukhovich [21] discussed the following problem:

{nin)go(x, y), subjectto y € S(x), x € X,
X,y

where S : X — Y isgivenby S(x) = {y € Y : 0 € g(x,y) + O(x,y)} and X C R",
Y CR" and ¢ : X x Y — R, and also study the optimal conditions of this type of
problem.

Recently, Lin [14,15,18,19] studied the existence theorems of systems of generalized var-
iational inclusion and disclusion problems. By these results, he established some existence
theorems of solutions of nonlinear problems; e.g. systems of generalized vector quasiequi-
librium problem, collective variational fixed point, systems of generalized quasi-loose saddle
point, systems of minimax theorem, mathematical program with systems of variational inclu-
sions constraints, mathematical program with systems of equilibrium constraints, etc.

Motivated and inspired by the works mentioned above, in this paper we shall introduce
and investigate the following new problem. Let / be any index set. For eachi € I,let Y; be a
nonempty closed convex subset of a Hausdorff topological vector space (t.v.s., for short) V;,
H CY;,Y =]l Yi,Ai 1Y — Y;and T; : Y — Y¥; multivalued maps. The mathematical
model about hybrid inclusion and disclusion systems (HIDS, for short) is defined as follows:

(HIDS) Find v = (v);e; € Y such that v; € H; and
yi ¢ A;(v) forall y; € T;(v) and forall i € I.

In fact, HIDS contains several important problems as special cases. We first give some exam-
ples in this section to interpret our idea and the usefulness of the theory and then explain how
they correlate to some applications (see Sects. 3, 4).

Let X be a nonempty subset of a topological space E and u € X be given. Foreachi € I,
let U; and Z; be real t.v.s. with zero vectors 0y, and 0z, , respectively.

Example (A) Foreachi € I,let F; : X xY; —o Ujand G; : X xY xY; — Z; be
multivalued maps with nonempty values. If H; and A; are defined as follows:

Hi ={yi €Y;: 0y, ¢ Fi(u,y)}
and
Ai()=1{zi€Yi: 0z, ¢ Gi(u,y,z)},

then HIDS will reduce to the following system of mixed type of parametric
variational inclusion and disclusion problem (P;):

(P1) Findv = (v);¢s € Y suchthat 0y, ¢ F;(u, v;) and 0z, € G;(u, v, y;)
forall y; € T;(v) and forall i € I.

Example (B) Foreachi € I,let F; : X xY; —o Ujand G; : X XY xY; — Z; be
multivalued maps with nonempty values and C; and D; be nonempty subsets
of U; and Z;, respectively. If H; and A; are defined as follows:

Hi ={y; €Y;: Fi(u,y;) N(=C;) =0}
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Example (C)

Example (D)

Example (E)

and
Ai(y) =1{zi €Y : Gi(u,y,z;)) N (—=D; \ {6z;}) # 9},

then HIDS will reduce to the following problem (P,), which is an abstract
equilibrium problem:

(P2) Findv = (v);jes € Y suchthat F;(u, v;)N(—C;) = @and G; (u, v, y;)
N (=D; \{0z,})) =@ forall y; € T;(v) and for all i € I.

Foreachi € I,let F; : Y; — Y; and G; : Y x Y; — Y be multivalued maps.
If H; and A; are defined as follows:

Hy ={yi € Yi 1 yi € Fi(yi)}
and
Ai(y)={zi€Yi: y ¢ Gi(y,zi)}
then HIDS will reduce to the following fixed point problem (P3).

(P3) Find v = (v);je; € Y such that v; € F;(v;) and v € G; (v, y;) for all
vi € Ti(v) foralli € I,

Foreachi € I,let F; : X x ¥; - Rand G; : X x Y x ¥; — R be functions.
If H; and A; are defined as following:

Hi ={yieY;: Fiu,y;) <0}
and
Ai(y)=1{zi€eYi: Gi(u,y,z;) <0},

then HIDS will reduce to the following system of hybrid scalar equilibrium
problem (Py):

(P4) Find v = (v)je; € Y such that F;(u,v;) < 0and G;(u, v, y;) > 0
forall y; € T;(v) and foralli € I;

Let X be a nonempty Hausdorff t.v.s., f : X — (—oo,00]and p: X x X —
(—o00, 0o] be functions, ¢ > 0 and u € X be given. If H and A are defined as
follows:

H={xeX:epu,x) < fu)— fx)}
and
Ax)={ye X : ep(x,y) < f(x) = fMh

then HIDS will reduce to Lin and Du’s variant of Ekeland’s variational prin-
ciple in t.v.s.; see [15,17] (say problem (Ps)):

(Ps) Find v € X such that

(@) ep(u,v) < f(u) — f(v);
(b) ep(v,x) > f(v) — f(x) forall x € X.
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The paper is divided into five sections. In Sect. 3, we first establish the existence theorems
of the solution of HIDS, from which we study mixed types of systems of generalized quasi-
variational inclusions and disclusions problems and give some applications to the existence
theorems of feasible points for various mathematical programs with variational constraints or
equilibrium constraints, the existence theorems of system of vector saddle point and system
of minimax theorem in Sect. 4.

2 Preliminaries

Throughout this paper we denote by R and N the set of real numbers and the set of positive
integers, respectively. Let A and B be nonempty sets. A multivalued map 7 : A — B is
a function from A to the power set 28 of B. We denote T (A) = U{T(x) : x € A} and
let T~ : B — A be defined by the condition that x € T~ (y) if and only if y € T (x).
Recall that a nonempty subset C of a linear space X with its zero vector 6y is called a con-
vex cone if C + C € C and AC < C for all A > 0. A convex cone C in X is pointed if
CN(—C) =1{0x}. Let X and Y be t.s. A multivalued map 7 : X —o Y is said to be (1) upper
semicontinuous (u.s.c., for short) at x € X if for every open set V in Y with 7' (x) C V, there
exists an open neighborhood U (x) of x such that T (x") C V for all x" € U(x) ; (2) lower
semicontinuous (1.s.c., for short) at x € X if for every open set Vin Y with T'(x) (| V # 0,
there exists an open neighborhood U (x) of x such that 7(x") (| V # ¢ for all x’ € U(x);
(3) u.s.c. (resp. l.s.c.) on X if T is u.s.c. (resp. l.s.c.) at every point of X ; (4) closed if
GrT ={(x,y) :x € X,y € T(x)}, the graph of T, is closed in X x Y; (5) compact if there
exists a compact set K such that 7(X) C K.

Let Z be a real t.v.s. with its zero vector 6z, D a proper convex cone in Z and A C Z.
A point y € A is called a vectorial minimal point of A with respect to D if for any y € A,
y—y ¢ —D \ {#z}. The set of vectorial minimal point of A is denoted by Minp A. The
convex hull of A and the closure of A are denoted by coA and cl A, respectively.

Definition 2.1 Let X be a nonempty convex subset of a vector space E, Y a nonempty con-
vex subset of a vector space V and Z arealt.vs.Let F : X XY — Zand C : X — Z be
multivalued maps such that for each x € X, C(x) is a nonempty closed convex cone. For
each fixed x € X, y — F(x,y) is called C(x)-quasiconvex (resp. C(x)-quasiconvex-like)
if for any y1, y» € Y and A € [0, 1], we have either

F(x,y) € F(x,Ay1 + (1= A)y2) +C(x)
(resp. F(x, Ay1 + (1 = A)y2) € F(x, y1) — C(x))
or
F(x,y) € F(x,Ay1 + (1 —1)y2) + C(x)
(resp. F(x, Ay; + (1 = A)y) € F(x, y2) — C(x)).

The following Lemmas are crucial in this paper.

Lemma 2.1 [3,23] Let X and Y be Hausdorff topological spaces and T : X — Y a multi-
valued map. Then T is l.s.c. at x € X if and only if for any y € T (x) and for any net {x,} in
X converging to x , there exists a subnet {x¢)}ren of {Xo} and a net {y;}y.ep with y;, — y
such that y; € T (xy(y.)) forall A € A.
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Lemma 2.2 [20] Let Z be a Hausdor{f t.v.s. and C be a closed convex cone in Z. If A is a
nonempty compact subset of Z, then Minc A # (.

Lemma 2.3 [4] Let X and Y be Hausdorff topological spaces and T : X — Y a multi-
valued map.

(1) If T is an u.s.c. multivalued map with closed values, then T is closed;
(i) If'Y is a compact space and T is closed, then T is u.s.c.;
(iii) If X is compact and T is an u.s.c. multivalued map with compact values, then T (X) is
compact.

3 Existence theorems of the solution of HIDS

The following result is needed in this paper.

Theorem 3.1 [7,15,17] Let I be any index set. Let { X; }ic1 be a family of nonempty convex
subsets, where each X; is contained in a Hausdorff t.v.s. E;. For eachi € I, let S; : X =
[Tic; Xi — Xi be a multivalued map such that

(1) for each x = (xj)ie; € X, x; & coS;(x);
(ii) foreachy; € X;, S; (y;) is open in X;
(iii) there exist a nonempty compact subset K of X and a nonempty compact convex subset
M; of X; for all i € I such that for each x € X \ K, there exists j € I such that
M;NS;x) #0.

Then there exists X € X such that S;(x) = 0 foralli € I.

In this section, we first establish an existence theorem of the solution of HIDS which is one
of the main results of this paper.

Theorem 3.2 Let I be any index set. For each i € I, let Y; be a nonempty closed convex
subset of a Hausdorff t.v.s. V;. Let X be a nonempty subset of a topological space E and
Y =[l;; Yi. Foreachi € I, let T; : Y —o Y; be a multivalued map with nonempty values.
Letu € X. Foreachi € 1, let H; be a nonempty closed subset of Y; and let A; : Y —o Y; be
a multivalued map. For each i € I, suppose that the following conditions are satisfied:

() foreachy = (yi)ier €Y, yi ¢ Ai(y);
(i) foreachy €Y, coT;(y) C H; and A;(y) is convex;
(iii) foreachz; € Y;, T, (z;) and A; (z;) are openin Y ;
(iv) there exist a nonempty compact subset K of Y and a nonempty compact convex sub-
set M; of Y; for each i € I such that for each y € Y\K there exist j € I and
Z; eM;NTi(y)NA;(y).

Then there exists v = (v;i)ie; € Y such that for eachi € I, v; € H; and y; ¢ A;(v) for all
yi € Ti(v).

Proof Foreachi € I,let W; = H; x [] j#i ¥j- Then W; is a nonempty closed subset of ¥
for all i € I. Define a multivalued map ¢; : ¥ — Y; by

() = Ti(y)NAi(y), ifyeW,
Y= 1y, ify € Y\W,.
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Then foreachi € I, y; ¢ cop;(y) forall y = (y;)iecs € Y. Indeed, foreachi € I,if y € W;,
then ¢;(y) = T;(y) N Ai(y) € A;(y). By (ii), we have cog; (y) € A;(y), which implies
yi ¢ cop;(y) from (i). On the other hand, if y € Y\W;, then y; ¢ H;. By (ii) again, we have
vi ¢ coT;(y) = cop;(y). Hence for eachi € I, y; ¢ cop;(y) forall y = (y;)ije; € Y. Itis
easy to see that for eachi € I and z; € V3,

97 (z) = [T (z) N A7 )] U[(X\W) N T ()]

Thus, from our hypothesis, ¢; (z;) is open in Y for each (i, z;) € I x Y;. By (iv), there
exist a nonempty compact subset K of ¥ and a nonempty compact convex subset M; of ¥;
for each i € I such that for each y € Y\K there exist j € I, such that M; N ¢;(y) # .
Applying Theorem 3.1, there exists v € Y such that ¢; (v) = @ foralli € I.If v ¢ W;, then
# # T;(v) = @i (v) = @, which leads to a contradiction. Hence v € W; and y; ¢ A;(v) for
all y; € T;(v). Therefore there exists v = (v;)je; € Y such that for eachi € I, v; € H; and
vi ¢ A;(v) for all y; € T;(v). ]

Remark 3.1 Theorem 3.2 gives sufficient conditions for the existence of the solution of HIDS.

Below, unless otherwise specified in this section, we shall assume that 7, Y;, V;, X, E, Y
and T; are the same as in Theorem 3.2 and U; and Z; real t.v.s. with zero vectors 0y, and 0z, ,
respectively.

Theorem 3.3 Foreachi € I,letN; : X xY; o U;, F; : X xY; - U;,G; : X XY xY; —o
Z; multivalued maps with nonempty values and O; a nonempty open setin Z;. Let u € X be
given. For eachi € I, let H; = {y; € Y; : Oy, € Fi(u,y;) + N;i(u, y;)} (resp. H; = {y; €
Y; : 0y, ¢ Fi(u,y;) + Ni(u, y;)}). For each i € I, suppose that

(1) H; is a nonempty closed subset of Y;;

(i) foreachy = (yi)ietr €Y, 0z, ¢ Gi(u,y, y;) + O;;

(iii) foreachy €Y, coT;(y) C H; and for each z; € Y;, T; (z;) is openin Y;

(iv) foreachy € Y, Gi(u,y, ) is {0z} -quasiconvex and for each z; € Y;, G;(u, -, z;) is
Ls.c.;

(V) there exist anonempty compact subset K of Y and a nonempty compact convex subset M;
of Y; for eachi € I such that for each'y € Y\K there exist j € I andzj € M; NT;(y)
such that 0z, € Gj(u,y,z;) + O;j.

Then there exists v = (v;)ie; € Y such that for eachi € I,
Oy, € Fi(u, vi) + Ni(u, v;) (resp. Oy; ¢ Fi(u, vi) + Ni(u, vi))
and
0z; € Gi(u, v, yi) + O;
Sforall y; € T;(v).
Proof Foreachi € I,let A; : Y —o Y; be defined by
Aiy)={zi€Yi: 0z, € Gi(u,y,zi) + O;}.

We claim that foreach (i, z;) € I xY;,A; (z;)isopeninY.Lety € c/(Y\A; (z;)) . Then there
exists a net {yy}oea in Y\A; (z;) such that y, — y. Thus we have 0z, ¢ G;(u, o, 2;) + O;
or G;(u, yo, zi) S Z;\O;. By the closedness of Y, y € Y. Also, we obtain G;(u, y, z;) <
Zi\O;. Indeed, for any w € G;(u, y, z;), since G;(u, -, z;) is l.s.c. at y and y, — y, by
Lemma 2.1, there exists a net {wy} with wy, — w such that w, € G;(u, yq, zi) € Z;i\O;.
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Since Z;\ O; is closed, we have w € Z;\ O; and hence G;(u, v, z;) € Z;\ O;. Therefore, y €
Y\A; (z;) and hence A; (z;) isopenin Y. Next, we show that foreach (i, y) € I xY, A;(y) is
convex.Leta;,b; € A;(y). Thenbz, € G;(u,y,a;)+0;and0z, € G;(u,y, b;)+ O;.Bythe
convexity of ¥, e[m = Aa; + (1 —A)b; € Y;, forall & € [0, 1]. Suppose to the contrary that

there exists 1o € (0, 1) such that 6z, ¢ G; (u, y, elQO)) + O;. By the {0z, }-quasiconvexity

of G;(u, y, ), either

62 € Gi(u, v, a) + 0; € Gi (u,v,¢) + 0;
or
0z, € Gi(u,y, b))+ 0; € G; (M Vs ‘31'(/\0)) + O,

which leads to a contradiction. Hence for each (i, y) € I x Y, A;(y) is convex. Therefore,
all the conditions of Theorem 3.2 are satisfied and the conclusion follows from Theorem 3.2
O

Remark 3.2 Let X and Y be t.v.s., U areal t.v.s. with its zero vector @ and u € X.

(a) Let C # {0} be a point convex cone in Y and F : X X ¥ — U a multivalued map
defined by F(u,y) =6 forally e Y. Then Hi ={y €Y : 6 € F(u,y)} =Y and
Hy={yeY:F(u,y) CC}=Y are closed;

(b) Let C # {0} be a point convex cone in Y. If a multivalued map F : X x Y — U is
defined by F(u,y) = C\{f},then H3 ={y €Y :0 ¢ F(u,y)} =Y and Hy = {y €
Y:F(u,y) ¢ C}=Y are closed;

(c) Let F: X x Y —o U be a multivalued map with nonempty valuesand C : X x ¥ — U
be a multivalued map with nonempty values such that y — C(u, y) is closed. If there
exists w = w(u) € Y such that F(u, w) € C(u, w) and F(u, -) is L.s.c., then H = {y €
Y : F(u,y) € C(u, y)}is a nonempty closed subset of Y;

(d) Let F : X x Y —o U be a multivalued map with nonempty values such that there exists
w = w(u) € Y such that & € F(u,w) and the map y — F(u, y) is closed. Then
H={yeY:0¢e F(u, y)}is anonempty closed subset of Y.

Subsequently, we establish some existence theorems of systems of generalized vector
quasiequilibrium problems.

Theorem 3.4 Foreachi € I,letC; : X xY; o U;, D; : X xY — Z;, F; : X xY; — U,,
Gi : X xYxY; — Ziand T; : Y — Y; be multivalued maps with nonempty values.
Letu € X. Foreachi € I, let H; = {y; € Yi : Fi(u,y;) N (=C;(u, y;)) = @} (resp.
Hi ={yi € Y; : Fi(u, yi) N (=C;(u, y;)) # @}). For each i € I, suppose that

(1) H; is a nonempty closed subset of Y;;
(i) foreachy = (yi)ier €Y, Gi(u,y, yi) N (—=Dj(u, y)\{0z}) =¥,
(iii) R; : Y —o Z; is closed, where R;(y) = Z;\(—D;(u, y)\{0z,}) fory € Y;
(iv) foreachy €Y, coTi(y) C H; and for each z; € Y;, T, (z;) is openin Y;
(v) foreachy €Y, Di(u,y) is a nonempty convex cone and D; (u, y) # {6z,};
(vi) foreachy € Y, Gi(u, y, ) is D;(u, y) -quasiconvex and for each z; € Y;, G;(u, -, z;)
is Ls.c.;
(vii) there exist a nonempty compact subset K of Y and a nonempty compact convex subset
M; of Y, for eachi € I such thatforeach'y € Y\K thereexist j € I andz; € M;NT;(y)
such that G j(u, y, zj) N (=Dj(u, y)\{0z,;}) # 0.
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Then there exists v = (vi)ic; € Y such that for eachi € I,
Fi(u, vj) N (=Ci(u, v;)) =¥ (resp. Fi(u, vj) N (=Ci(u, vj)) #¥)
and
Gi(u, v, yi) N (=Di(u, v)\{z,}) =¥
forall y; € T;(v).

Proof Foreachi € I,let A; : Y —o Y; be defined by

Ai(y) ={zi € Yi:Gi(u, y, zi) N (—=D; (u, y)\{0z,}) # 9}.

We first show that for each (i, z;) € I X Y;, A; (z;)isopenin Y. Lety € cl(Y\A; (z;)). Then
there exists a net {yy}oea in Y\A; (z;) such that y, — y. Thus we have G;(u, yu, z;) N
(—Dji(u, y)\{6i}) = @ or G;(u, yu, zi) S Ri(ys). By the closedness of Y, y € Y. Also,
we obtain G;(u, y, z;) € R;(y). Indeed, for any w € G;(u, y, z;) , since G; (u, -, z;) is L.s.c.
at y and y, — y, by Lemma 2.1, there exists a net {w,} with wy, — w such that wy, €
Gi(u, yu, zi) € Ri(yy). Since R; is closed, we have w € R;(y). Thus G;(u, y, zi) S R;(y).
Therefore y € Y\ A (z;) and hence A; (z;) is openin Y. Next, we claim that for each (i, y) €
I x Y, A;j(y) is convex. Let a;, b; € A;(y). Then G;(u,y,a;) N (—=D;(u, y)\{6z,}) # ¥
and G;(u, y,b;) N (=Di(u, y)\{6z}) # 0. By the convexity of ¥;, e := ha; + (1 —
AMb; € Y;, for all A € [0, 1]. Suppose to the contrary that there exists Lo € (0, 1) such that
Gi (i v.¢™) N (=Di(u, Y\(6z)) = 0. By the D; (u, y)-quasiconvexity of G (u, y. ),
either

Gi (H, Vs ai) N (_Di(uv y)\{gzl})
< [Gi (3. ¢/*) + Dt )| 0 (= Dy, y)\ (62 D) = 9

or

Gi(u,y,bj) N (=D;(u, y)\{0z,})
< [Gi (v, ™) + Dy, )| N (=Ditu N0z ) = 9.

This leads to a contradiction. Hence for each (i, y) € I x Y, A;(y) is convex. Foreachi € I,
let F; (x,y)) = Fi(x,y) + Ci(x,y;) and G;(x,y,z;) = Gi(x,y,z;) + (Di(x, »)\{0z}).
Therefore all the conditions of Theorem 3.3 are satisfied and the conclusion follows from
Theorem 3.3 O

Following a similar argument as in Theorem 3.4, we have the following result.

Theorem 3.5 In Theorem 3.4, if H; = {y; € Y;i : Fi(u, y;) N (—intC;(u, y;)) = @} (resp.
H ={y; € Y; : Fi(u,y;) N (—=intC;(u, y;)) % @}) and conditions (ii), (iii) and (vii) are
replaced by (ii),, (iii), and (vii), respectively, where

(i)a foreachy = (yi)ier € Y, Gi(u, y, yi) N (=intDi(u, y)) = ¥;
(iii), R; : Y — Z; is closed, where R;(y) = Zi\(—intD;(u, y)) fory € Y;
(vil), there exist a nonempty compact subset K of Y and a nonempty compact convex sub-
set M; of Y; for each i € I such that for each y € Y\K there exist j € I and
zj € M; NT;(y) such that G j(u,y,z;) N (—=intD;(u,y)) # 0.
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Then there exists v = (vi)ic; € Y such that for eachi € I,
Fi(u,v;) N (—intCi(u, v;)) = @ (resp. Fi(u, v;) N (—intC;(u, v;)) # 9)
and
Gi(u,v,y;) N (—intD;i(u,v)) =0
forall y; € T;(v).

4 Some applications

By using Theorem 3.3, we can prove an existence theorem of system of vector saddle point.

Theorem 4.1 Letn € Nand I ={1,2,...,n}. Foreachi € I, let X; be a nonempty closed
convex subset of a Hausdorfft.v.s. V; , Z; real t.v.s. withzerovector 0z, and L; : X; xX; — Z;
a map. Let X = Hie[ X; and letu = (uy, ...,u,) € X be given. For eachi € I, let C; be
a nonempty proper convex cone in Z; such that Z;\(—C;\{0z,}) is closed. Suppose that

(i) foreach x; € X;, yi — L;(x;,y;) is continuous and {0z, }-quasiconvex;

(ii) foreach y; € X;, xi — L;(x;, yi) is {0z, }-quasiconvex-like;

(i) [Li(ui, yi) — Li (i, y)1 & (=C;\{0z,}) for all y; € X;;

(iv) Suppose that there exist a nonempty compact subset K of X and a nonempty compact
convex subset M; of X; for each i € I such that for each y = (yi)ic; € X\K there
exist j € I and zj € Mj such that [Lj(uj,z;) — Lj(uj,y;)] ¢ (—Cj\{sz}) and
(Lj(uj,yj) = Ljzjyj)l ¢ (=C\{0;}).

Then there exists v = (vj)ic; € X such that for eachi € I,

[Li (i, yi) — Li(ui,v;))] ¢ (=C;\{0z,})

and
[Li(ui,v;) — Li(yi, vi)] ¢ (=C;\{0z,})
forall y; € X;.
Proof PutXh, | = X} = Xi,Chy_, = Cyy = Cio Ly, = L, = Lyanduby, | = iy, =

up foreach k € I.Let J = {1,2,...,2n}. Foreachi € J,letY/ = X/ and X' = Y’ =
[Tics X;. Thenu' := (u},uj, ..., u5,) € X'.Foreachi € J, define F; : X' x X] — Z; by
Fi(x,yi) = C]\{0z}. Thus

H={x{eX :0z ¢ FW. x)}=X.
Foreachi € J,letT; : X' — X| by
T;(y) = H; = X foreachy € X' <= T, (z;) = X; foreachz € X;.

Then for each (i, y) € J x X', coT;(y) € H; = X] and for each (i, z;) € J x X/, T, (z;) is
open in X’. For eachi € J, define f; : X' x X' x X] — Z; by

fitx,y.zi) = Li(xi, yi) — Li(zi, yi)s
and define g; : X’ x X' x X] — Z; by

gi(x,y,zi) = Li(xi, zi) — Lj(xi, yi)-
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Foreachk € N,let Gyt = fr and Gy = gi. Thenforeachi € J,G; : X' x X' x X, — Z;
is a map such that for each y = (y;)ies € X', G;(u', y, y;) ¢ (—C;\{0z,}) from (iii). For
eachi € J, we claim that G;(u’, y, -) is C}-quasiconvex for each y € X'. Let z} , ziz € X]
and A € [0, 1]. By the {0z, }-quasiconvexity of L;(x,-, -), either

L} (xi, a2} + (1= 022) = L (xi, 2})

or

L (xi 2z} + (1 =0z = L] (x;,27) .
By (ii), we have either
Li(az} + (1 =0z, yi) = L} (2}, »)
or
L:(hz) + (=227, vi) = L} (22, w).
Hence either
fi(xoy.2}) = LiGxi, y) — L} (2} i)
= Li(xi.yi) = Li (zf + (1 = 1)z} )
C fi (v oy rzgl + A =02F) +C
or

fi (x,3,22) C fi (%o, 2zl + (1= 12P) + CL.

Also, we have either

gi (x.y, Z,l) C gi(x, yoAzh 4+ (1= A)z%) +C]
or

gi (x.y. zlz) C gi(x,y. )\z} + (1 - )»)ziz) +Cj.

So foreachi € J, G;(u/,y,-) is C{ -quasiconvex for each y € X'. Since for each x; €
Xi, yi = Li(x;,y;) is continuous, we have f;(u', y,z;) = L (u:, yi) — Li(zj, yi) and
giw',y,z;) =L (u:, zi) - L (u;, yi) are L.s.c. for each z; € X|. Hence for each i € J,
Gi(u', -, z;) is Ls.c. for each z; € X}. By Theorem 3.3, there exists v = (v;);e; € X’ such
that for each i € J, G;(u', v, y;) ¢ (—C;\{0z,}) for all y; € X}, which is equivalent with
foreachi € I,

[Li(ui, yi) — Li(u;, v;))] € (=C\{0z;})
and
[Li(ui,v;) — Li(yi, vi)]l ¢ (—=C;\{6z,})
for all y; € X;. ]

The following new system of minimax theorem is immediate from Theorem 4.1
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Theorem 4.2 (System of minimax theorem) Letn € NandI = {1,2,...,n}. Foreachi €
1, let X; be a nonempty closed convex subset of a Hausdorfft.v.s. Vi and L; : X; x X; —> R
a function. Let X = [[;¢; Xi and letu = (uy, ..., u,) € X be given. Suppose that
(i) for each x; € Xi, yi — Li(x;, y;) is continuous and {0}-quasiconvex;
(i) for each y; € X;i, xi — Li(xi, y;) is {0}-quasiconvex-like;
(i) Li(ui, yi) = Li(yi, yi) forall y; € X;;
(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset
M; of X; for each i € I such that for each'y = (yi)ic1 € X\K there exist j € I and
2j € Mjsuchthat Lj(uj,z;j) > Lj(u;,y;j)and Lj(uj,y;) > L;i(zj,y;)

Then for eachi € I, sup,, cx, infy,ex; Li(xi, yi) = infy,ex, supy. cx, Li(xi, yi).

Proof Foreachi € I,let C; = [0, 0c0). By Theorem 4.1, there exists v = (v;)je; € X such
that foreachi € I,

Li(ui, yi) > Li(u;, v;)
and
Li(ui, vi) > Li(yi, vi)
for all y; € X;. It follows that
sup inf L;(x;,y;) > Li(ui,v;) > inf sup L;(x;, yi)
xieX; Yi€Xi yi€Xi xeX;
and hence
sup inf L;(x;,y;) = inf sup L;(x;, yi).
x;eX; Yi€Xi vi€Xi yeX;

m}

The following results are existence theorems of feasible points for mathematical programs
with equilibrium constraints.

Theorem 4.3 For eachi € I, let fi : X x Y; — (—o0,00]land gi : X XY xY; —
(—o00, 00] be functions, T; : Y —o Y; be a multivalued map with nonempty values, and let
Hi={yi€eYi: fi(u,y;) <0}, wherey = (yi)ic; € Y. Letu € X . Foreachi € I, suppose
that there exists w; € Y; such that f;(u, w;) < 0. For each i € I, suppose that

(1) fi(u,-)isls.c.;
(ii) foreachy = (yi)ier €Y, gi(u,y, y) = 0;
(iii) foreachy €Y, coT;(y) C H; and for each z; € Y;, T; (z;) is openin Y ;
@iv) gi(u, -, -)isus.c. and foreachy € Y, gi(u, y, -) is quasiconvex;
(v) there exist anonempty compact subset K of Y and a nonempty compact convex subset M
of Y; for eachi € I such that for each'y € Y\K thereexist j €  andzj € M; NT;(y)
such that gj(u,y,z;) < 0.

Leth : X XY — Zg be a multivalued map such that y — h(u, y) is an u.s.c. multivalued
map with nonempty compact values, where Z is a real t.v.s. ordered by a proper closed
convex cone C in Zy . Then there exists an optimal solution to the following problem (P):

@ Springer



130 J Glob Optim (2010) 47:119-132

Minc h(u, y)
objecttoy € Y, fi(u,y;) <0andg;(u,y,z) >0 P)
for all z; € T;(y) and for all i € I.

Proof Foreachi € I, let
Ni={yeY: fi(u,y)) <0andgi(u,y,z;) > 0forall z; € T;(y)}.

For eachi € I, let y; € cIN;. Then there exists a net {y¥}yeca in N; such that y¥ — y;.
Hence f; (u,y¥) < 0 and g; (u, y¥,z;) = O forall z; € T; (y¥). Let a; € T;(y). Since
T;”(z;) is open in Y for each z; € Y;, T; is Ls.c. Hence there exists a net {aj'}yca With
a¥ — a; such thatal € T; (yf‘) So f; (u, yl"‘) < 0and g; (u, v, af‘) > 0. By (i), we have
fi(u, yi) <0.By (iv), we have g; (1, yi, a;) > 0. Hence y; € N; and N; is aclosed setin Y.
Let N = NjerN;. Then N is closed in Y. Applying Theorem 3.2, N # . By (v), it is easy
to see that N C K, where K is a nonempty compact subset of Y in condition (v). Hence N
is a nonempty compact subset of Y. Since the map y —o h(u, y) is an u.s.c. multivalued map
with nonempty compact values, it follows from Lemma 2.3 that 4 (u, N) is compact. Then
by Lemma 2.2 that Min¢ h(u, N) # ¢. That is there exists a solution to the problem (P).
The proof is completed. O

Theorem 4.4 In Theorem 4.3, if we assume thath : X x Y — (—00, 00] is a Ls.c. function,
then there exists an optimal solution to the problem (P) as in Theorem 4.3

Proof Let N be the same as in the proof of Theorem 4.3 By the lower semicontinuity of &
and the compactness of N, there exists v € N such that 2 (u, v) = min i (u, N). The proof is
completed. O

Let X be a t.v.s. Recall that a function p : X x X — (—o00, o] is called a quasi-distance
[17] on X if the following are satisfied:

(OD1) p(x,x)>0forall x € X;

(OD2) p(x,z2) < p(x,y)+ p(y,2) foranyx,y,z€X;
(QD3) forany x € X, p(x, ) is convex and l.s.c.;
(QDA4) forany y € X, p(-, y) isu.s.c.

Lin and Du’s variant of Ekeland’s variational principle [17] for quasi-distances in a
Hausdorff t.v.s. can be easily given by Theorem 3.2

Theorem 4.5 ([17], Theorem 4.1) Let X be a Hausdorfft.v.s. Let f : X — (—00, 00] be a
Ls.c. and convex function and p : X x X — (—o00, o0] be a quasi-distance. Let u € X with
p(u,u) = 0and e > 0. Suppose that there exist a nonempty compact subset K of X and a
nonempty compact convex subset M of X such that for each y € X\K there exists 7 € M
such that ep(u,z) < f(u) — f(z) and ep(y,z) < f(y) — f(2). Then there exists v € X
such that

@) epu,v) = f(u) — f(v);
@) ep(v,x) > f(v) — f(x) forallx € X.

Proof Since p is a quasi-distance, ep is also a quasi-distance. Define H and A : X — X by

H={xeX:ep(u,x) =< fu)— fx)}

and

Ax) ={ye X : ep(x,y) < f(x) = fOM},
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respectively, and let T : X — X be defined by
T(x)=H forallx e X

X, ifze H

— Tﬁ(Z)Z[@, ifze X\ H.

It is not hard to verify that all the conditions of Theorem 3.2 are satisfied. Thus there exists
v € X such that

(i) ep(u,v) < fw) — f(v);
(i) ep(v,x) > f(v) — f(x) forallx € H.

For any x € X\ H, since

elp(u,v) + p(v,x)] > ep(u, x)
> f(u) — f(x)
> ep(u,v) + f(v) — f(x),

it follows that ep (v, x) > f(v) — f(x) forall x € X\ H. Therefore ep(v, x) > f(v) — f(x)
for all x € X. The proof is completed. O

5 Conclusions

In the present paper, we first introduce the new mathematical model about HIDS which con-
tains several important problems (see Sect. 1) as special cases in the literatures. We establish
sufficient conditions for the existence of the solution of HIDS and study mixed types of
systems of generalized quasivariational inclusions and disclusions problems and systems of
generalized vector quasiequilibrium problems. Some applications to the existence theorems
of feasible points for various mathematical programs with variational constraints or equi-
librium constraints, the existence theorems of system of vector saddle point and system of
minimax theorem are also given. Our method would be useful to improve and generalize a
number of other known results; see e.g., [1,2,6-11,13-15,17-21].
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